INTRODUCTION
Analyses of thin, flat, circular plates subjected to bending were essential in the design and development of experimental equipment for the Argonne National Laboratory Zero Gradient Synchrotron. Plate thickness was minimized since the absorption of high-energy particles depends upon the thickness and material.
Because there were more supports than necessary to maintain stability of the plates, the solution of statically indeterminate plates was inevitable. Removal of redundant support would impair not only the structural integrity of the plates, but also that of affiliated components. Superposition is the usual procedure for solving statically indeterminate problems; however, frequently the generalized equations of deflection, moments, or slope must be known for the analysis. This paper presents four generalized cases for a uniform load acting on a concentric circle of a thin, flat, circular plate (schematically depicted by Fig. l) , for solving statically indeterminate plates. The four generalized cases are: (l) outer edge supported and fixed, inner edge fixed; (2) outer edge simply supported, inner edge free; (3) outer edge simply supported, inner edge fixed; and (4) outer edge supported and fixed, inner edge free. From these four generalized cases, six simplified cases are derived. The first four simplified cases have the uniform load along the inner plate radius, and boundary conditions complying to the four generalized cases. The last two cases are for a solid plate where the outer edge conditions are fixed-supported and simply supported. A computer program was developed for resolving deflections and moments of these ten cases and for assisting in the solution for statically indeterminate circular plates. When only one or two computations are required, various dimensionless terms in the developed equations have been computed and tabulated to simplify deflection, moment, and slope calculations.
The cases have been numbered VII through XVI since this is a continuation of the investigation initiated m Ref. 1. Moreover, this consecutive numbering of the cases eliminates confusion that could arise between the deflection-moment computer programs.
SYSTEM OF UNITS
In this presentation, the unit force-mass system is used since it provides a compromise between the absolute and gravitational systems and is automatically a self-containing reference system. A comprehensive analysis of this system is contained in Ref. where 0 = -dw/dr and D = Ehyi2(l-V^).
From Fig. 1 , the shearing force per unit tangential length at any radius for the outer portion is and for the inner portion is
Substituting these shearing forces into the equilibrium equation, integrating thrice, and taking the derivation of the 0 expression, one obtains, for the outer portion of the plate, d ^^ r ::^ a.
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Upon substitution of the appropriate portions of Eqs. (5) and (6) into Eq. (1), the moment equations become, for the outer portion,
and for the inner portion,
GENERALIZED CASES
The four generalized cases presented in tabular form (Cases VII through X) were derived by applying the appropriate expressions that fulfill the continuity and boundary conditions. The integration constants were determined from the first and third expressions of Eqs. (5) and (6), and from the expression of Eqs. (7) and (8). The upper right corner of each tabulated case shows the continuity conditions and/or boundary conditions. 
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Frona the four generalized cases, six common, simplified cases were readily ascertained. The equations for the first four simplified cases were obtained by using the equations for the outer portion of the plate and letting d = b. Cases XI, XII, XIII, and XIV were derived from Cases VII, VIII, IX, and X, respectively. Using the equations for the inner portion of the plate and making r = b = d, enables the inner boundary equations to be checked. For Cases XV and XVI, the equations for the inner and outer portions were obtained by setting b = 0. Case XV was derived from Case VII and then verified by Case X. Case XVI was formulated fronn Case VIII and checked by Case IX. Moments
In:
(, b^l b^

Description
Outer edge simiply supported.
Inner edge free.
Uniform load on inner concentric circle of plate. Normally, either the maximum bending moment or the maximum deflection establishes the design criteria for thin, flat, circular plates. The maximum deflection can be expressed by a formula of the type wmax = WaVEh^.
Boundary
The maximum bending moment can be represented by the expression Mmax -krnW,
where "maximum" denotes magnitude only, or maximum absolute value.
Since the absolute maximum bending monnent determines the maximum unit stresses, its location and magnitude must be known. Because of the complexity of the moment equations for the four generalized cases and the dependency of Poisson's ratio upon the material and other parameters, only the absolute nnaximum bending moment of Case VIII could be established by studying the derived equations for any combinations of a/b and d/b or a/d ratios and Poisson's ratio. The maximum bending moments for Cases XI, XII, XIII, and XVI, the four simplified cases having any Poisson's ratio and a/b or a/d ratio, were resolved by examining the equations. Theoretically, Poisson's ratio has a value from zero to one-half; e.g., for materials like paraffin and rubber,the ratios are almost one-half; for cork, the ratio is approximately zero. Pois son's ratio was taken to be 0.3, as is normally done, and the maximum bending moment and its location were determined for simplified Cases XIV and XV. Table I contains various terms in the derived moment, slope, and deflection formulas to facilitate conaputations.
To eliminate numerous laborious hand computations, a computer program was developed. This Argonne National Laboratory program 2117/PAD146 computes and tabulates the deflection constants, the radial moment per load, and the tangential moment per load at predetermined r/b or r/d ratios, and for any given combination of values for V and ratios a/b and d/b or a/d. For Cases VII through XIV, the tabulated values of r/b range from one to the selected value of a/b, in increments of 0.1. Also, Cases VII through X include r/b = d/b. For Cases XV and XVI, r/d varies from zero'to the selected value of a/d,'also in increments of 0.1.
To acquire a better insight into the bending moments of these ten cases, especially the four generalized cases, numerical data for the radial and tangential moments divided by the load, plus the deflection constant, were ascertained with the aforementioned program. The following data were used: (1) Poisson's ratio equals 0.3 for all cases; (2) a/b for Cases VII through XIV, and a/d for Cases XV and XVI, range from 1.5 through 4,0, in intervals of 0.5; and (3) the uniform load on a concentric circle for the four generalized cases is equally positioned at two locations between the inner and outer plate radii i.e., the third distance of Numerical values of the maximum deflection constant and maximum bending moment per load are tabulated in Table II using the stipulations of the preceding paragraph. Figures 2, 3, 4 , and 5 depict the bending moments per load for the generalized cases for a/b ratios of 2.0, 3.0, and 4.0. The bending-moments-per-load diagrams for the six simplified cases are illustrated by Figs. 6 through 11.
The following statements can be made for the maximum bending moment and its location, with the aforementioned prescribed criteria:
Case VII. Mj-a. has the maximum bending moment for all ratios studied.
Case VIII. ^tu has the maximum bending moment for all ratios studied.
Case IX. Mj.]-) has the maximum bending moment for all ratios studied.
Case X. Mpa ^SLS the maximum bending moment for all ratios studied.
Case XI. Mj.^ has the maximum bending moment for all ratios studied, as predicted from equation study.
Case XII. M^n has the maximum bending moment for all ratios studied, as preciicted from equation study.
Case XIII. Mj.^ has the maximum bending moment for all ratios studied, as predicted from equation study.
Case XIV. The maximum bending moment must be established according to specifications. Mj.^ has the maximum bending moment from a/b = 1.5 through 2.5, and then Mtb has the maximum bending moment from 3.0 through 4.0. The transition a/b ratio is approximately 2.6.
Case XV. The maximum bending moment must be determined according to specifications. Mj-a has the maximum bending moment from 1.5 through 3.0, and then the constant moments of the inner portion of the plate (Mr = Mt = Mrd = Mtd) predominate from 3.5 through 4.0. The transition a/b ratio is approximately 3.13.
Case XVI. Moments of the inner portion of the plate were maximum, constant, and equivalent for all ratios as predicted from equation study. 
STATICALLY INDETERMINATE CIRCULAR PLATES
The derived equations will now be app'lied to solving statically indeterminate, thin, flat, circular plates subjected to various loadings.
Numerical Example 1
The structural integrity of the copper diaphragm shown by Fig. 12 is to be determined. The following criteria apply: outer plate and load radius, a = 4.00 in.; inner plate and load radius, b = 2.00 in.; plate thickness, h = 0.125 in.; constant force, P = 324 Ibf; maximum permissible unit stress, a^^^x = 6,000 Ibf/in.^ modulus of elasticity, E = 15.0 x 10^ Ibf/ in.2; and Poisson's ratio, V -0.33.
FIG. 12
STATICALLY INDETERMINATE DIAPHRAGM SUBJECTED TO A S YMMETRICAL VARI ABLE LOAD
Since the required deflection formulas are known, the method of superposition is used to obtain the redundant reaction, R, at the inner radius. The deflection at the redundant support being zero, it is possible to write Ew = 0 = w(variable load) -w(redundant load).
If the maximum deflection formulas of Case I, Ref. 1, and Case XI of this paper are substituted in Eq. (ll), the result is
where the kj's are maximum deflection constants available from Refs. 1,3, 4, 5, and this paper, or are obtained from the program in this paper and 
The maximum bending moment for the redundant load occurs at the inner radius, while the maximum bending moment for the variable load occurs at the outer radius for a/b = 2.0, per Ref. 1. Therefore, moments at the inner radius and outer radius must be computed. By superposition, the moment expressions and nurnerical values at the inner radius and outer radius become, respectively. 
From these computations, the maximum unit stress occurs at the inner radius; thus, 6ZM^ ^^^rb 6(-17.0) ^ / T^V, = ± = ± ---= ± 6,530 Ibr/in. h^ (0.125)2 ^'
The imposed unit stress criterion has not been met; hence, the design must be revamped before the analysis is continued.
Numerical Example 2
Determine the uniform plate thickness, the radial and tangential bending moment diagrams, the maximum unit bending stress of the symmetrically loaded, statically-indeterminate, circular aluminum plate illustrated by Fig. 13 . Specifications are: outer plate and load radius, a = 61.2 cm; redundant support radius, d = 40.8 cm; inner plate and load radius, b = 24.0 cm; maximum permissible deflection at inner plate radius, w. max 0.08 cm; variable load constant, P = 147 kgf; inner circular edge load, W = 1,430 kgf; modulus of elasticity, E = 70.3 x 10^ kgf/cm^; and Poisson's ratio, v -0.3.
FIG. 13
STATICALLY INDETERMINATE CIRCULAR PLATE SUBJECTED TO SYMMETRICAL VARIABLE LOAD AND UNIFORM INNER EDGE LOAD
To determine the redundant reaction at radius d, the method of superposition is used again; i.e., the deflection at this support is zero. 
from which, R = 2736 kgf.
The required plate thickness can now be determined; i.e., 
DISCUSSION OF GENERALIZED CASES
Cases VIII and X of the four generalized cases are partially depicted in Ref. 5 as Cases 59 and 60. When the ascertained edge moment equations of Cases VIII and X were converted to unit stress expressions, a^ = 6Mt/h^ or Oj. -6Mj-/h , equations analogous to those in Ref. 5 were obtained, with the exception of signs. However, upon transformation, the maximum-deflection expressions did not concur. Because of these maximum-deflection discrepancies, extensive checking was performed.
The original derivations of the four generalized cases were attained by solving the moment equations and/or the integrated equations of the equilibrium equation with the imposed boundary and continuity conditions for the six unknown constants. Since agreement with Ref. 5 could not be achieved, these four cases were completely rechecked by the ANL Applied Mathematics Division to check the validity of the mathematics. As a further check, the author employed superposition by using derived slope and deflection formulas having uniform moments along the inner and outer edges in combination with one of the generalized cases to obtain another case.
The author of Ref. 5 has indicated that the deflection formulas of Cases 59 and 60 should be modified. Modifications will be incorporated in later editions of Ref. 5.
